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Summary.

The note describes a general least mean square fitting proce­

dure for adjusting parameters in a physical mode l to make the

model predietious best fit the results of an observation. The

method should find application to such EISCAT problems as the

fitting of theoretical spectra (or correlation functions) to

the corresponding observations or to the deduction of antenna

painting deficiencies from radio astronomy observations.
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LEAST MEAN SQVARE FITT!NG OF DATA TO PHYSICAL MODELS•

Suppose we desire to determine an approximation to a set of
~

parameters {xl' ... x N} = x from a set of observational data
~

{A1 .... AM} = A. The physical model prediets that the Qutcome of
~

the observations, given x should be:

If the observation can be made with infinite accuracy clearly:

. ~

B (xl - A = O

•for the correct value of the parameters x.

Since the observed values are generally noisy there will not be
~ • ~

any value of x which can make B (x) - A = O uniess N = I~ . We,
~ ~

therefore I imagine that we make an estimate of x, denoted by y,

which will make the difference:

( l)

( 2)

M
L ;:.(A·. -

1=1 1. 1.
= min (3l

where W
i

are weight factors to be determlned.

We next imagine that the best estimate is determined by means of

an iteration procedure with increasing accuracy and that the

approximation are:

Ya yl'····

The "correction" from one approximation to the next will be denoted

by oYk such that:

\'le can then wri te:

(4 )
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(5 )

~

The parameter correction 6Yk 15 deterrnined from the N equations:

M
1 W. (A.-B. (~k) -

1=1 ~ J. 1

a ~
-,-B. (y) I
0Y 1 ••

e y=y
k

= O (6 )

Suppressing the iteration index we obtain the following
~

equations for oy:

We now introduce the following tensoriai notation:

( 7)

(8 )

and the following vectorial notation:

M ~
1 (A.-B·(yk ))

1=1 ]. 1.
(9 )

funetions

on iteration number. Returning to

For the general non-linear case both T~m and Vt are
~ ~

of iteration number. When B(y) is a linear funetion

and Vj do not depend
case we have:

of
~

y T/m
the general

(10)

This can be inverted to give:

(11 )

~

and the next approximation to y hence becomes:

( 12)

. ~ .
For the particular case when B(x)ls a linear funetton of x
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•no iteration is required and the final value of y is obtained from

( 13)

where M aB.
L IA.-B· O) ·~·w.

i=l J. J. a y /, ~
114 )

where Bia is the value of Bi which is obtained by putt1ng
•y = O. The elements of the matr1x T are derived from the

coefficients of the linear elements.

•In the linear case where an explicit form of y can be obtained

it is also possible to estimate the uncertainty in the determined
•values. We estimate the root mean square deviation of y from the

ensemble average as follows:

The deviation from the mean of the deduced values is caused by

random deviations in the observed values from their means:

=

N lL {T- I].,!;V,

/=1 "

N l M
L IT- I ., L öA.

/=1 ], i=l 1
{15 I

The terms of the covariance matrix of the deviations of the

estimates from the1r means become:

M

L
1=1

(lG)

We shall now assume that the observed deviations for the different

observations (such as integration lnterva!s) are uncorrelated.

This means that

N

L
/=1

I 17)

We assume that the weights Wi are chosen in such away that:
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<liA~) Wi = constant

We obtain:

( 18)

2 N
o L

1=1

2 N -l
o L T .,oo'k

1=1 J_ -

2 -l
o (T I jk (19)

Specifically the vari~nces of the deviations become:

( 20)

The absolute values of the weights are immaterial since they

cancel in the final formula for th covar1ances.

Since we cannot know the variance of Ai in advance an estimate

has to be made on the basis of the minimum value actually

achieved for the sum (3) in the linear case.

The sum which was minimized is given by:

E =
M, -l. 2
L W. (A.-B. (T Vl)

i=l 1 1 1
( 21)

•where we have substituted the best estimate for y as obtained

in (13). The quantity E is a random variable and has an ensemble

average different from zero because of the observational noise.

Clearly the ensemble average becomes:

(E)
M
L W.«M i1=1 1

( 22)

All the terms here can be expressed by the observational

deviations öAi :
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(C) =
M 2 N
LW.«öA.)-2L

1=1 l l A=l

aB.
,/ )-,-\öA.6y, +

oy l. ' ,

N

L
1.=1

N

L
m=1

aB. aB.
l l 6 l:J )läY äY" y l. Yml. m

(23)

The last term we determine from (19):

<4 N
L w1 I

1=1 1.=1

N

L
m=1

aB. aB. l 2, , -
äY äY (T ) I.mo

l. m

N

L
1.=1

N M
L ( L W.

m=l i=1 l

aB. l, -
äY l IT ) I.m

m

2 N N l
= o L L TI. (T- ) l.

A=l m=1 m m

N
= 0

2 L l =
1.=1

2N·o (24l

The second term becomes, af ter substitution from (15):

M

= 2 L w.
i:.1 l

N aB.
L -'

1.=1 'Yl.

N

= 20
2 L

1.=1
(25)

Finally the first term becomes:

M < 2) 2L W. öA. = M" o
1=1 l l

The mean va1ue of the estimate of ~ therefore becomes:

2(c) = (M-N)o

or: (26)




